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Introduction 
 
Stimulated by recent experimental and theoretical works [1,2,3] we give in this and a 
following paper the ground state energy and particle density distribution for N 
spinless Bosons or spin 1/2 Fermions trapped in a harmonic trap with repulsive delta 
function interparticle interaction in the limit that N → ∞.  The Hamiltonian for the 
system is 
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We shall show explicitly later that as N → ∞, at any fixed x,  
 
particle density ),N(~)x( 0ρ        (I.3) 
 
in the limit that  
 
    =N/g a finite number.        (I.4) 
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Thomas-Fermi Method 
 
(I.3) shows that as N → ∞, the density of particles at a fixed position x approaches 
infinity.  In other words most of the particles at x have very very short wave lengths.  
I.e. the system at x becomes a quantum gas (or liquid) satisfying thermodynamic laws.  
Thus the Thomas-Fermi method becomes exact in the limit that N → ∞.  I.e. the local 
density approximation is asymptotically exact in the limit N → ∞. 
 
 We now turn to the thermodynamics within a macroscopic but small region at 
position x.  There are
dx
dx)x(ρ  particles within this region, forming the ground state 
for Hamiltonian with N replaced by1H dx)x(ρ . The energy of this small 
thermodynamic system in length dx has been explicitly given by Lieb and Liniger [4] 
for spinless Bosons in 1963 and by Yang [5] for spin 1/2 Fermions in 1967.  We shall 
denote this energy by .  The total energy for the ground state for H is then dxe1
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where according to [4] and [5]  
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Function ζ for spinless Bosons can be calculated from the Fredholm equation of 
reference [4].  For spin 1/2 Fermions, there is the additional complexity of symmetry 
of the space wave function under the permutation group  [5,3,6].  ζ would then 
depend on an intensive parameter 
NS
ξ  which describes the symmetry of the space 
wave functions [7].  Recently You [8] has recalculated ζ for both Bosons and 
Fermions and fitted the resultant functions ζ with approximate algebraic expressions. 
 
 We now study the intensive properties of the thermodynamic system in .  To 
avoid confusion we expand this interval homogeneously into length L, and define 
extensive quantities for the expanded length: 
 
dx
   E 1 = Le1 ,  N = L ρ .         (I.7) 
 
Then,   E 1 = N =ββζ ),(g 2 g/ρ = N / (L ).     (I.8) g
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Thermodynamics demands that 
 
   E d 1 = Lpd− dμ+ N         (I.9) 
 
where p andμ are intensive quantities: the pressure and the chemical potential.  Thus 
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and           (I.11) ).(g)(g βζρβζμ ′+= 2
 
 
Equilibrium 
 
Different regions have different densitiesdx ρ and therefore different values of .  
For the ground state, we vary
1e
)x(ρ to obtain the minimum for the total energy  
E (which was given in (I.5)), under the condition that ∫ dx ρ  is fixed.  Thus 
 
   .)x(Ve 0 1 =++ λδρδρδ  
 
I.e.   ),()()(or    ,0)( 21 xVggxV
d
de −−=′+=++ λβζρβζλρ    (I.12) 
 
where λ  is Lagrange’s multiplier.  Using (I.11) this means 
 
   0=++ λμ )x(V           (I.13) 
 
which is the thermodynamic condition for equilibrium, as expected. 
 
 For spin 1/2 Fermions in this variational procedure we keep the parameter ξ  
fixed at the same value for all x.  This needs justification which will be given in 
paper II. 
 
 
“Barometric” Pressure Balance 
 
It is clear from (I.10) and (I.11) that  
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But (I.13) shows that ).(  particleper  Force xF
dx
dV
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Thus  )x(F
dx
dp ρ= . 
                (I.15) 
Or  )x(F)dx(pp BA  ρ=−  
 
which is illustrated in Fig. 1 showing “barometric” pressure building up toward the 
trap center due to the “weight” of the dx ρ  trapped atoms.   
 
 
ρ Dependence on x 
 
Equation (I.13) is a relationship between )( ρμ and V(x).  Can we invert this 
relationship to solve for a unique ρ at any given x?  The answer is yes, because 
ρρρ
μ
d
dp
d
d = , and ρd
dp  is always > 0 from general principles.  Thus 0>ρ
μ
d
d  and 
)( ρμμ = is a monotonic function of ρ with values between )( 0μ and )(∞μ .  
Within this range, ρ is a single valued function ofμ , hence of x, according to (I.13).   
 
 We shall present in paper II the explicit numerical values, calculated from the 
results of reference [8], for the asymptotic density distribution )x(ρ and for the 
asymptotic total energy, as functions of Ng , in the limit that N → ∞. 
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Figure 1.   Pressure Balance.  “Barometric” pressure pA  is larger  
than pB to balance the “weight” of the ρdx particles in  
the interval dx.  See (I.15). 
 
